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Hyperbolic metamaterials were originally introduced to overcome the diffraction limit of optical imaging.
Soon thereafter it was realized that hyperbolic metamaterials demonstrate a number of novel phenom-
ena resulting from the broadband singular behavior of their density of photonic states. These novel phe-
nomena and applications include super resolution imaging, new stealth technologies, enhanced
quantum-electrodynamic effects, thermal hyperconductivity, superconductivity, and interesting gravita-
tion theory analogues. Here we briefly review typical material systems, which exhibit hyperbolic behav-
ior and outline important novel applications of hyperbolic metamaterials. In particular, we will describe
recent imaging experiments with plasmonic metamaterials and novel VCSEL geometries, in which the
Bragg mirrors may be engineered in such a way that they exhibit hyperbolic metamaterial properties
in the long wavelength infrared range, so that they may be used to efficiently remove excess heat from
the laser cavity. We will also discuss potential applications of three-dimensional self-assembled photonic
hypercrystals, which are based on cobalt ferrofluids in external magnetic field. This system bypasses 3D
nanofabrication issues, which typically limit metamaterial applications. Photonic hypercrystals combine
the most interesting features of hyperbolic metamaterials and photonic crystals.

� 2017 Elsevier Ltd. All rights reserved.
1. Hyperbolic metamaterial geometries and basic properties

Hyperbolic metamaterials are extremely anisotropic uniaxial
materials, which behave like a metal in one direction and like a
dielectric in the orthogonal direction. Originally introduced to
overcome the diffraction limit of optical imaging [1,2], hyperbolic
metamaterials demonstrate a number of novel phenomena result-
ing from the broadband singular behavior of their density of pho-
tonic states [3], which range from super resolution imaging
[2,4,5] to enhanced quantum-electrodynamic effects [6–8], new
stealth technology [9], thermal hyperconductivity [10], high Tc
superconductivity [11,12], and interesting gravitation theory ana-
logues [3,13–17]. In the early days of metamaterial research it
was believed that only artificially structured materials may exhibit
hyperbolic properties. However, later on it was realized that quite
a few natural materials may exhibit hyperbolic properties in some
frequency ranges [11,18]. Moreover, even the physical vacuum
may exhibit hyperbolic metamaterial properties if subjected to a
very strong magnetic field [19].

Basic electromagnetic properties of hyperbolic metamaterials
may be understood by considering a non-magnetic uniaxial aniso-
tropic material with dielectric permittivities ex = ey = e1 and ez = e2.
Any electromagnetic field propagating in this material may be
expressed as a sum of ordinary and extraordinary contributions,
each of these being a sum of an arbitrary number of plane waves
polarized in the ordinary (Ez = 0) and extraordinary (Ez – 0) direc-
tions. Let us define a ‘‘scalar” extraordinary wave function as
u = Ez so that the ordinary portion of the electromagnetic field does
not contribute to u. Maxwell equations in the frequency domain
results in the following wave equation for ux if e1 and e2 are kept
constant inside the metamaterial [3]:
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While in ordinary elliptic anisotropic media both e1 and e2 are
positive, in hyperbolic metamaterials e1 and e2 have opposite signs.
These metamaterials are typically composed of multilayer metal-
dielectric or metal wire array structures, as shown in Fig. 1. The
opposite signs of e1 and e2 lead to two important consequences.
For extraordinary waves in a usual uniaxial dielectric metamate-
rial, the dispersion law

k2xy
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þ k2z
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¼ x2

c2
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describes an ellipsoid in the wave momentum (k-) space (which
reduces to a sphere if e1 ¼ e2, as shown in Fig. 2(a)). The absolute
value of the k-vector in such a material is finite which leads to
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Fig. 1. Typical geometries of hyperbolic metamaterials: (a) multilayer metal-dielectric structure, and (b) metal wire array structure.

Fig. 2. The constant frequency surfaces for (a) isotropic dielectric (e1 ¼ e2 > 0) and (b) uniaxial hyperbolic metamaterial in which ex ¼ ey ¼ e1 > 0 and ez ¼ e2 < 0 (c) The phase
space volume between two constant frequency surfaces for such a hyperbolic metamaterial. (d) The constant frequency surface for a uniaxial hyperbolic metamaterial in
which ex ¼ ey ¼ e1 < 0 and ez ¼ e2 > 0.
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the usual diffraction limit on resolution of regular optics. The phase
space volume enclosed between two such equi-frequency surfaces
is also finite, corresponding to a finite density of photonic states.
However, when one of the components of the dielectric permittivity
tensor is negative, Eq. (2) describes a hyperboloid in the phase space
(Fig. 2(b)). As a result, the absolute value of the k-vector is not lim-
ited, thus enabling super-resolution imaging with hyperbolic meta-
materials. Moreover, the phase space volume between two such
hyperboloids (corresponding to different values of frequency) is
infinite (see Fig. 2(c)). The latter divergence leads to an infinite den-
sity of photonic states. While there are many mechanisms leading
to a singularity in the density of photonic states, this one is unique
as it leads to the infinite value of the density of states for every fre-
quency where different components of the dielectric permittivity
have opposite signs. It is this behavior which lies in the heart of
the robust performance of hyperbolic metamaterials: while disor-
der can change the magnitude of the dielectric permittivity compo-
nents, leading to a deformation of the corresponding hyperboloid in
the phase (momentum) space, it will remain a hyperboloid and will
therefore still support an infinite density of states. Such effective
medium description will eventually fail at the point when the
wavelength of the propagating mode becomes comparable to the
size of the hyperbolic metamaterial unit cell a, introducing a natural
wave number cut-off:
kmax ¼ 1=a ð3Þ
Depending on the metamaterial design and the fabrication

method used, the unit cell size in optical metamaterials runs from
a � 10 nm (in semiconductor [20] and metal-dielectric layered



Fig. 3. Dispersion law of surface plasmon polaritons in the lossless approximation.
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structures [6]) to a � 100 nm (in nanowire composites [21,22]).
Since the ‘‘hyperbolic‘‘ enhancement factor in the density of states
[3] scales as

qðxÞ ¼ q0ðxÞ kmax

x=c

� �3

ð4Þ

where q0 �x2 is the free-space result, even with the cut-off taken
into account, the hyperbolic singularity leads to the optical density
of states enhancement by a factor of 103–105. Physically, the
enhanced photonic density of states in the hyperbolic metamateri-
als originates from the waves with high wave numbers that are sup-
ported by the system. Such propagating modes that can achieve X-
ray wavelengths at optical frequencies, do not have an equivalent in
”regular‘‘ dielectrics where k 6

ffiffiffi
e

p
x=c. Since each of these waves

can be thermally excited, a hyperbolic metamaterial shows a dra-
matic enhancement in the radiative transfer rates.

As has been mentioned above, artificial hyperbolic metamateri-
als are typically composed of multilayer metal-dielectric or metal
wire array structures, as shown in Fig. 1. For the multilayer geom-
etry the diagonal components of the metamaterial permittivity can
be calculated based on the Maxwell-Garnett approximation as
follows:

e1 ¼ exy ¼ nem þ ð1� nÞed; e2 ¼ ez ¼ emed
ð1� nÞem þ ned

ð5Þ

where n is the volume fraction of the metallic phase, and em < 0 and
ed > 0 are the dielectric permittivities of the metal and dielectric,
respectively [23]. The validity of Maxwell-Garnett approximation
has been clearly demonstrated in Ref. [23]. Analytical calculations
based on the Maxwell-Garnett approximation performed for peri-
odic array of metal nanolayers were confronted with exact numer-
ical solutions of Maxwell equations. Excellent agreement between
numerical simulations and analytical results was demonstrated.
The Maxwell-Garnett approximation may also be used for a wire
array metamaterial structure [23]. In this case the diagonal compo-
nents of the permittivity tensor may be obtained as

e1 ¼ ex;y ¼ 2nemed þ ð1� nÞedðed þ emÞ
ð1� nÞðed þ emÞ þ 2ned

; e2 ¼ ez

¼ nem þ ð1� nÞed ð6Þ
Since both em and ed depend on frequency, the frequency

regions where e1 and e2 have opposite signs may be typically found
for both multilayer and wire array geometries. Depending on the
actual signs of e1 and e2, the phase space shape of the hyperbolic
dispersion law may be either a one-sheet (e2 > 0 and e1 < 0, see
Fig. 2(b)) or two-sheet (e2 < 0 and e1 > 0, see Fig. 2(d)) hyperboloid.
However, in both cases the k-vector is not limited, and the pho-
tonic density of states exhibits broadband divergent behavior.

We should also note that it is relatively easy to emulate various
3D hyperbolic metamaterial geometries by planar plasmonic meta-
material arrangements. While rigorous description of such meta-
materials in terms of Diakonov surface plasmons may be found
in Ref. [24], qualitative analogy between 3D and 2D metamaterials
may be explained as follows. A surface plasmon (SP) propagating
over a flat metal-dielectric interface may be described by its
well-known dispersion relation shown in Fig. 3.

kp ¼ x
c

edem
ed þ em

� �1=2

ð7Þ

where metal layer is considered to be thick, and em(x) and ed(x) are
the frequency-dependent dielectric constants of the metal and
dielectric, respectively [25]. Thus, similar to the 3D case, we may
introduce an effective 2D dielectric constant e2D, which character-
izes the way in which SPs perceive the dielectric material deposited
onto the metal surface. By requiring that kp = e2D1/2x/c, we obtain
e2D ¼ edem
ed þ em

� �
ð8Þ

Eq. (8) makes it obvious that depending on the plasmon fre-
quency, SPs perceive the dielectric material bounding the metal
surface (for example a PMMA layer) in drastically different ways.
At low frequencies e2D � ed, so that plasmons perceive a PMMA
layer as a dielectric. On the other hand, at high enough frequencies
at which edðxÞ > �emðxÞ (this happens around k0 � 500 nm for a
PMMA layer) e2D changes sign and becomes negative. Thus, around
k0 � 500 nm plasmons perceive a PMMA layer on gold as an ‘‘effec-
tive metal”. As a result, around k0 � 500 nm plasmons perceive a
PMMA stripe pattern on gold substrate as a layered hyperbolic
metamaterial shown in Fig. 1(a). Fabrication of such plasmonic
hyperbolic metamaterials in two dimensions requires only very
simple and common lithographic techniques [4].
2. Super-resolution imaging using hyperbolic metamaterials:
the hyperlens

Although various electron and scanning probe microscopes
have long surpassed the conventional optical microscope in resolv-
ing power, optical microscopy remains invaluable in many fields of
science. The practical limit to the resolution of a conventional opti-
cal microscope is determined by diffraction: a wave cannot be
localized to a region much smaller than half of its vacuum wave-
length k0/2. Immersion microscopes introduced by Abbé in the
19th century have slightly improved resolution, on the order of
k0/2n because of the shorter wavelength of light k0/n in a medium
with refractive index n. However, immersion microscopes are lim-
ited by the small range of refractive indices n of available transpar-
ent materials. For a while it was believed that the only way to
achieve nanometer-scale spatial resolution in an optical micro-
scope was to detect evanescent optical waves in very close proxim-
ity to a studied sample using a near-field scanning optical
microscope (NSOM) [26]. However, progress in metamaterials
demonstrated quite a few ways to achieve similar resolution using
traditional non-scanning imaging.

An important early step to overcome this limitation was made
in surface plasmon-assisted microscopy experiments [27], in
which two-dimensional (2D) image magnification was achieved.
In this microscope design the dispersion behavior of SPPs propa-
gating in the boundary between a thin metal film and a dielectric
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(7) was exploited to use the 2-D optics of SPPs with a short wave-
length to produce a magnified local image of an object on the sur-
face. The increased spatial resolution of microscopy experiments
performed with SPPs [27] is based on the ‘‘hyperbolic” dispersion
law of such waves, which may be written in the form

k2xy � jkzj2 ¼ edx2

c2
ð9Þ

where ed is the dielectric constant of the medium bounding the
metal surface, which for air is = 1, kxy = kp is the wave vector compo-
nent in the plane of propagation, and kz is the wave vector compo-
nent perpendicular to the plane. This form of the dispersion relation
originates from the exponential decay of the surface wave field
away from the propagation plane.

The ‘‘optical hyperlens” design described by Jacob et al. [2]
extends this idea by using a hyperbolic metamaterial made of a
concentric arrangement of metal and dielectric cylinders, which
may be characterized by a strongly anisotropic dielectric permit-
tivity tensor in which the tangential eh and the radial er compo-
nents have opposite signs. The resulting hyperbolic dispersion
relation

k2r
eh

� k2h
jerj ¼

x2

c2
ð10Þ

does not exhibit any lower limit on the wavelength of propagating
light at a given frequency. Therefore, in a manner similar to the 2D
optics of SPPs, there is no usual diffraction limit in this metamate-
rial medium. Abbe’s resolution limit simply does not exist. Optical
energy propagates through such a metamaterial in the form of
radial rays. Moreover, as demonstrated in Section 1, a pattern of
polymethyl methacrylate (PMMA) stripes formed on a metal surface
(as shown in Fig. 4) behaves as a 2D plasmonic equivalent of 3D
hyperbolic metamaterial. Thus, a plasmon microscope may be oper-
ated in the ‘‘hyperlens mode” (Fig. 4) in which the plasmons gener-
ated by the sample located in the center of the plasmonic hyperlens
propagate in the radial direction. The lateral distance between
Fig. 4. Plasmon microscope operating in the ‘‘hyperlens mode”: the plasmons generated b
The lateral distance between plasmonic rays grows with distance along the radius. The
plasmonic rays grows with distance along the radius. The images
are viewed by a regular microscope.

The internal structure of the magnifying hyperlens (Fig. 5(a))
consists of concentric rings of PMMA deposited on a gold film sur-
face. The required concentric structures were defined using a Raith
E-line electron beam lithography (EBL) system with �70 nm spa-
tial resolution. The written structures were subsequently devel-
oped using a 3:1 IPA/MIBK solution (Microchem) as developer
and imaged using AFM (see Fig. 4). According to theoretical pro-
posals in Refs. [1,2], optical energy propagates through a hyper-
bolic metamaterial in the form of radial rays. This behavior is
clearly demonstrated in Fig. 5(b). If point sources are located near
the inner rim of the concentric metamaterial structure, the lateral
separation of the rays radiated from these sources increases upon
propagation towards the outer rim. Therefore, resolution of an ‘‘im-
mersion” microscope (a hyperlens) based on such a metamaterial
structure is defined by the ratio of inner to outer radii. Resolution
appears limited only by losses, which can be compensated by opti-
cal gain. The magnifying superlenses (or hyperlenses) have been
independently realized for the first time in two experiments
[4,5]. In particular, experimental data obtained using a 2D plas-
monic hyperlens (shown in Fig. 5(a)) do indeed demonstrate ray-
like propagation of subwavelength plasmonic beams emanated
by test samples.

We should also note that similar to 3D optics, hyperbolic and
negative index behaviours typically coexist in plasmonic metama-
terials (see [4] and the inset in Fig. 4), the latter often leading to
self-imaging effects. A new example of such self-imaging effect
in a PMMA-based plasmonic metamaterial is presented in Fig. 6.
It demonstrates self-imaging due to negative refraction in a 2D
plasmonic crystal illuminated with k = 532 nm laser light. Rows
of triangles (2 lm on the side) have been produced in a 150 nm
thick PMMA film deposited on top of a 50 nm thick gold film sur-
face using E-beam lithography. Relatively large periodicity D of tri-
angles in this pattern compared to the illumination wavelength
lets us clearly distinguish this NIM-induced self-imaging
behavior from the Talbot effect, which would produce images at
D2/k � 50 lm distance from the edge of the triangular pattern.
y the sample located in the center of the hyperlens propagate in the radial direction.
images are viewed by a regular microscope.



(a) (b)

Fig. 5. (a) Superposition image composed of an AFM image of the PMMA on gold plasmonic metamaterial structure superimposed onto the corresponding optical image
obtained using a conventional optical microscope illustrating the imaging mechanism of the magnifying hyperlens. Near the edge of the hyperlens the separation of three rays
(marked by arrows) is large enough to be resolved using a conventional optical microscope. (b) Theoretical simulation of ray propagation in the magnifying hyperlens
microscope.

Fig. 6. Self-imaging of triangular pattern due to negative index behavior of the PMMA-based plasmonic crystal: (a and b) Geometry of the plasmonic crystal at different
magnifications. (c) Illumination at oblique angle produces non-mirror symmetric field distribution inside the plasmonic crystal (d) Self-imaging of the structure due to
negative index behavior is evident from the mirror symmetry of the FFT maps of the object (e) and the image (f).
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3. Consequences of singular photonic density of states: radiative
decay engineering, thermal hyper-conductivity, and new
stealth technologies

As we discussed in Section 1, the broadband divergence of pho-
tonic density of states in hyperbolic metamaterial is unique since it
leads to the infinite value of the density of states for every fre-
quency where different components of the dielectric permittivity
have opposite signs. This very large number of electromagnetic
states can couple to quantum emitters leading to such unusual
phenomena as the broadband Purcell effect [6] and thermal hyper-
conductivity [10]. On the other hand, free space photons illuminat-
ing a roughened surface of hyperbolic metamaterial preferentially
scatter inside the metamaterial leading to the surface being ‘‘dar-
ker than black” at the hyperbolic frequencies [9]. The latter prop-
erty may find natural applications in stealth technologies.
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As a first example of these unusual quantum behaviours, let us
consider the broadband Purcell effect, which may become extre-
mely useful for such applications as single photon sources, fluores-
cence imaging, biosensing and single molecule detection. In the
spirit of the Fermi’s golden rule, an increased number of radiative
decay channels due to the high-k states in hyperbolic media (avail-
able for an excited atom) must ensure enhanced spontaneous
emission. This enhancement can increase the quantum yield by
overcoming emission into competing non-radiative decay routes
such as phonons. A decrease in lifetime, high quantum yield and
good collection efficiency can lead to extraction of single photons
reliably at a high repetition rate from isolated emitters [28]. The
available radiative channels for the spontaneous photon emission
consist of the propagating waves in vacuum, the plasmon on the
metamaterial substrate and the continuum of high wave vector
waves which are evanescent in vacuum but propagating within
the metamaterial. The corresponding decay rate into the metama-
terial modes when the emitter is located at a distance a < d� k
(where a is the metamaterial patterning scale) is [6]
Cmeta � l2

2�hd3

2
ffiffiffiffiffiffiffiffiffiffiffi
exjezj

p
ð1þ exjezjÞ ð11Þ

In the close vicinity of the hyperbolic metamaterial, the power
from the dipole is completely concentrated in the large spatial
wave vector channels (Fig. 7(a) inset). The same evanescent wave
spectrum when incident on a lossy metal or dielectric would be
completely absorbed, causing a non-radiative decrease in the
Fig. 7. (a) Spontaneous emission lifetime of a perpendicular dipole above a hyperbolic me
the metamaterial as the photons are emitted nearly instantly. Most of the power emitte
which are converted to propagating waves within the metamaterial. (inset) (b) False colo
vacuum interface (see inset of (a)) depicting the highly directional nature of the spon
fluorescence in the PMMA-based plasmonic hyperbolic metamaterial sample (similar to
with fluorescein dye.
lifetime of an emitter (quenching). On the contrary, the metamate-
rial converts the evanescent waves to propagating and the absorp-
tion thus affects the out-coupling efficiency of the emitted photons
due to a finite propagation length in the metamaterial.

Along with the reduction in lifetime and high efficiency of emis-
sion into the metamaterial, another key feature of the hyperbolic
media is the directional nature of light propagation [6]. Fig. 7(b)
shows the field along a plane perpendicular to the metamaterial-
vacuum interface exhibiting the beamlike radiation from a point
dipole. This is advantageous from the point of view of collection
efficiency of light since the spontaneous emitted photons lie within
a cone. The group velocity vectors in the medium which point in
the direction of the Poynting vector are simply normals to the dis-
persion curve. For vacuum, these normals point in all directions
and hence the spontaneous emission is isotropic in nature. In con-
trast to this behavior, the hyperbolic dispersion medium allows
wave vectors only within a narrow region defined by the asymp-
totes of the hyperbola. Hence the group velocity vectors lie within
the resonance cone giving rise to a directional spontaneously emit-
ted photon propagating within the metamaterial. This effect has
been demonstrated in experiments with PMMA-based plasmonic
hyperbolic metamaterial samples (similar to the one shown in
Fig. 5(a)). The PMMA used in metamaterial fabrication was doped
with fluorescein dye. As demonstrated in Fig. 7(c), fluorescence
in such metamaterial samples indeed appears to be strongly
directional.

Since its theoretical prediction in [6], the broadband Purcell
effect has been indeed observed in multiple experiments, such as
tamaterial substrate (see inset). Note the lifetime goes to zero in the close vicinity of
d by the dipole is concentrated in the large spatial modes (evanescent in vacuum)
r plot of the field of the point dipole in a plane perpendicular to the metamaterial-

taneous emission (resonance cone). (c) Experimental demonstration of directional
the one shown in Fig. 5(a)). The PMMA used in metamaterial fabrication was doped



Fig. 8. The phase space volume between two constant frequency surfaces for (a)
dielectric (elliptical) and (b) hyperbolic material with e2 > 0 and e1 < 0 (cut-out
view). Panels (c) and (d) schematically illustrate different thermal conductivity
mechanisms in (c) regular media (metals and dielectric) and (d) hyperbolic media.
Giant radiative contribution to thermal conductivity in hyperbolic media can
dominate the thermal transport.
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[7,8]. Virtually the same physics as in Fig. 6(b) is also responsible
for the ‘‘darker than black” behavior of roughened hyperbolic
metamaterials [9]. Free space photons illuminating a rough surface
of the hyperbolic metamaterial preferentially scatter inside the
metamaterial into the bulk high k-vector modes. As a result, the
photon probability to scatter back into free space is almost zero
and the roughened surface looks black in the hyperbolic frequency
bands.

Let us now consider radiative heat transfer inside hyperbolic
metamaterials. It appears that the broadband divergence of the
photonic density of states described above also leads to giant
increase in radiative heat transfer compared to the Stefan-
Boltzmann law in vacuum and in usual anisotropic dielectric mate-
rials. According to numerical calculations [10], this radiative ther-
mal ‘‘hyperconductivity” may approach or even exceed heat
conductivity via electrons and phonons in regular solids with the
additional advantage of radiative heat transfer being much faster.
Therefore, this radiative thermal hyperconductivity may poten-
tially be very useful in fast microelectronics heat management
applications [29]. In such applications heat generated by micro
and nanoelectronic circuit components needs to be quickly dissi-
pated at a heat sink, which cannot be located in the immediate
vicinity of the electronic component. A hyperbolic metamaterial
heat management layer may solve this important technological
problem.

Let us start by tracing how the photonic density of states enters
the usual Stefan-Boltzmann law. For the sake of simplicity, we will
consider vacuum as a typical example of ‘‘normal” or ‘‘elliptical”
material. As usual, we can start by calculating energy density of
the black body radiation. A well-known textbook derivation can
be summarized as follows:

uell ¼ U
V
¼
Z 1

0

e
exp e

kT

� �� 1
gðeÞde ¼ 4rT4

c
ð12Þ

where g(e) is the photonic density of states. Eq. (12) clearly demon-
strates that the drastic change in the density of states schematically
shown in Fig. 8 must lead to the drastic change in the final result.
The singular behavior of the photonic density of states in hyperbolic
metamaterial takes these media beyond the realm of the Stefan-
Boltzmann law, with no ultimate limit on the radiative heat trans-
fer. For the energy flux along the symmetry axis of a uniaxial hyper-
bolic metamaterial, it was found [10] that

ST ¼ �hc2k4max

32p2

Z
dx

1
exp �hx

kT

� �� 1
e1 de2

dx � e2 de1
dx

det kek

�����
����� ð13Þ

where the frequency integration is taken over the frequency band-
width corresponding to the hyperbolic dispersion. Note that the
heat flux in Eq. (13) is very sensitive to the dispersion in the hyper-
bolic metamaterial, de/dx. Indeed, the derivative of the dielectric
permittivity determines the difference in the asymptotic behavior
of the k-vector between the two hyperbolic surfaces that determine
the phase space volume between the frequenciesx andx + dx (see
Fig. 8), and thus defines the actual value of the density of states.
While there are many metamaterial designs leading to the hyper-
bolic dispersion, the most practical and widely used systems rely
on either the medal-dielectric layer approach, or incorporate
aligned metal nanowire composites (as shown in Fig. 1). For the
planar layers design, the hyperbolic behavior is observed for the
wavelengths above �10 lm, if the system is fabricated using semi-
conductors [20], or for the wavelength above �1 lm if the metama-
terial is composed of metal-dielectric layers [7]. For the nanowire
based approach, the hyperbolic dispersion is present at k > 1 lm
[21]. As a result, with either of these conventional metamaterial
designs, the desired hyperbolic behavior covers the full range of
wavelength relevant for the radiative heat transfer. As a result,
the following estimates on the thermal energy flux in hyperbolic
metamaterials have been obtained [10]:

ST � ed
4ð1� nÞ S

ð0Þ
T

kmax

kp

� �4

ð14Þ

for the layered material design, and

ST � 5
16p2 S

ð0Þ
T

k2max

kTkp

 !2

ð15Þ

for the wire array design, where S(0)T is the blackbody thermal
energy flux for emission into the free space, kp is the plasma
momentum, kT is the thermal momentum, and kmax is the structural
parameter of the metamaterial defined by its periodicity. In both
cases the numerical values of ST exceed S(0)T by 4 to 5 orders of mag-
nitude, thus firmly placing hyperbolic metamaterials in the realm of
practical applications for radiative heat transfer and thermal man-
agement. A similar enhancement may be also expected in thermal
conductivity.

Using the ideas described above, we have developed a novel
VCSEL geometry (see Fig. 9), in which the Bragg mirrors may be
engineered in such a way that they exhibit hyperbolic metamate-
rial properties in the long wavelength infrared (LWIR) range [29].
As a result, such hyperbolic Bragg mirrors may be used to
efficiently remove excess heat from the laser cavity, while in the
near IR range both materials in the pair used for the Bragg mirror
remain very good low loss dielectrics. Examples of such materials



Fig. 9. (a) Bragg mirror, which acts as a hyperbolic metamaterial removes heat from the active region of a VCSEL [29]. (b) ZnSe has positive dielectric constant across the LWIR
spectral range. (c) Both SiN and CaF2 exhibit negative dielectric constant in a portion of LWIR range.
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are shown in Fig. 9(b) and (c). For example, ZnSe has positive
dielectric constant across the LWIR spectral range, while either
SiN or CaF2 may be used as a ‘‘negative material” in the pair, since
both materials exhibit negative dielectric constant in a large por-
tion of the LWIR range. The thermal energy flux enhancement for
this design of the Bragg mirror may be estimated using Eq. (15).
Since in this layered hyperbolic geometry kp � kT, and the struc-
tural parameter of the metamaterial kmax is an order of magnitude
larger, four orders of magnitude enhancement may be expected in
the thermal energy flux.
4. Self-assembled photonic hypercrystals

Explosive development of research on hyperbolic metamaterial
also resulted in the recent demonstration of a novel artificial opti-
cal material, the ‘‘photonic hyper-crystal” [30], which combines
the most interesting features of hyperbolic metamaterials and pho-
tonic crystals. Similar to hyperbolic metamaterials, photonic
hyper-crystals exhibit broadband divergence in their photonic
density of states due to the lack of usual diffraction limit on the
photon wave vector. On the other hand, similar to photonic crys-
tals, hyperbolic dispersion law of extraordinary photons is modu-
lated by forbidden gaps near the boundaries of photonic Brillouin
zones. Three dimensional self-assembly of photonic hyper-
crystals has been achieved by application of external magnetic
field to a cobalt nanoparticle-based ferrofluid. Unique spectral
properties of photonic hyper-crystals lead to extreme sensitivity
of the material to monolayer coatings of cobalt nanoparticles,
which should find numerous applications in biological and
chemical sensing.

Over the last few decades a considerable progress has been
made in developing artificial optical materials with novel and often
counterintuitive properties. Revolutionary research by Yablono-
vitch and John on photonic crystals [31,32] was followed by the
development of electromagnetic metamaterial paradigm by
Pendry [33]. Even though considerable difficulties still exist in
fabrication of three-dimensional (3D) photonic crystals and
metamaterials, both fields exhibit considerable experimental
progress [34,35]. On the other hand, on the theoretical side these
fields are believed to be complementary but mutually exclusive.
Photonic crystal effects typically occur in artificial optical media
which are periodically structured on the scale of free space light
wavelength k, while electromagnetic metamaterials are required
to be structured (not necessarily in a periodic fashion) on the scale,
which is much smaller than the free space wavelength of light. For
example, in metal nanowire-based hyperbolic metamaterials
schematically shown in Fig. 1(b) the inter-wire distance must be
much smaller than k. Experimental realization of 3D ‘‘photonic
hyper-crystals” [30] bridges this divide by combining the most
interesting properties of hyperbolic metamaterials and photonic
crystals.

The concept of the photonic hyper-crystal is based on the fact
that dispersion law of extraordinary photons in hyperbolic meta-
materials (2) does not exhibit the usual diffraction limit. Existence
of large k-vector modes in a broad range of frequencies means that
periodic modulation of hyperbolic metamaterial properties on a
scale L� k (see inset in Fig. 10(a)) would lead to Bragg scattering



Fig. 10. (a) Experimental geometry of the ferrofluid-based hyperbolic metamaterial. The array of self-assembled cobalt nanocolumns has typical separation a � 20 nm
between the nanocolumns. The inset shows a photonic hyper-crystal structure formed by periodic arrangement of cobalt rich and cobalt sparse regions with typical
periodicity L � 2 lm, so that periodic modulation of hyperbolic metamaterial properties on a scale L� k is achieved in the LWIR spectral range where k � 10 lm. Since
photon wave vector in hyperbolic metamaterials is not diffraction-limited, periodic modulation of hyperbolic metamaterial properties on a scale L� k would lead to Bragg
scattering and formation of band structure. (b–d) Microscopic images of cobalt nanoparticle-based ferrofluid reveal subwavelength modulation of its spatial properties:
frames (b) and (d) show microscopic images of the diluted cobalt nanoparticle-based ferrofluid before and after application of external magnetic field. The pattern of self-
assembled stripes visible in image (d) is due to phase separation of the ferrofluid into cobalt reach and cobalt poor phases. The stripes are oriented along the direction of
magnetic field. The inset shows Fourier transform image of frame (d).
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of extraordinary photons and formation of photonic band structure
no matter how small L is [30]. Thus, so formed ‘‘photonic hyper-
crystals” would combine the most interesting properties of hyper-
bolic metamaterials and photonic crystals. For example, similar to
classic photonic crystal effect predicted by John [32], strong local-
ization of photons may occur in photonic hyper-crystals. However,
unlike usual photonic crystals where light localization occurs on a
scale �k, photonic hyper-crystals may exhibit light localization on
deep subwavelength scale. Similar to surface plasmon resonance
(SPR) [25] and surface enhanced Raman (SERS) [36] - based sens-
ing, engineered localization of light on deep subwavelength scale
in photonic hyper-crystals should find numerous applications in
biological and chemical sensing.

Validation of the photonic hyper-crystal concept has been
achieved using an experimental technique based on three-
dimensional self-assembly of cobalt nanoparticles in the presence
of external magnetic field [30]. Magnetic nanoparticles in a fer-
rofluid are known to form nanocolumns aligned along the mag-
netic field [37]. Moreover, depending on the magnitude of
magnetic field, nanoparticle concentration and solvent used, phase
separation into nanoparticle rich and nanoparticle poor phases
may occur in many ferrofluids [38]. This phase separation occurs
on a 0.1–1 mm scale. Therefore, it can be used to fabricate a self-
assembled photonic hypercrystal.

These experiments used cobalt magnetic fluid 27–0001 from
Strem Chemicals composed of 10 nm cobalt nanoparticles in kero-
sene coated with sodium dioctylsulfosuccinate and a monolayer of
LP4 fatty acid condensation polymer. The average volume fraction
of cobalt nanoparticles in this ferrofluid is p = 8.2%. Cobalt behaves
as an excellent metal in the long wavelength infrared range (LWIR:
the real part of its refractive index, n, is much smaller than its
imaginary part, k [39]. Thus, real part of e, Ree = n2 � k2, is negative,
and its absolute value is much larger than its imaginary part,
Ime = 2nk. Therefore, it is highly suitable for fabrication of hyper-
bolic metamaterials. The structural parameter of such a metamate-
rial falls into a few nanometers range: the cobalt nanoparticle size
is 10 nm, while average inter-particle distance at 8.2% volume frac-
tion is about 19 nm. Therefore, the metamaterial properties may be
described by effective medium parameters on spatial scales
�100 nm. On the other hand, ferrofluid begins to exhibit hyper-
bolic behavior in the range of free space wavelengths �10 lm
and above - in the so called long wavelength infrared (LWIR)
frequency range. Thus, in between 100 nm and 10,000 nm there
exists an ample range of spatial scales which enable photonic
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hyper-crystal behavior described above. For example, if the effec-
tive medium parameters of ferrofluid are modulated on the scale
of �2000 nm (as evident from Fig. 10(d)) the large k-vector modes
which exist in the metamaterial in the LWIR range will experience
Bragg scattering due to this modulation. Indeed, a diluted fer-
rofluid develops very pronounced phase separation into periodi-
cally aligned cobalt rich and cobalt poor phases (with periodicity
L �2 lm) if subjected to external magnetic field. Optical micro-
scope images of the diluted ferrofluid before and after application
of external magnetic field are shown in Fig. 10(b) and (d). The peri-
odic pattern of self-assembled stripes visible in image (d) appears
due to phase separation. The stripes are oriented along the direc-
tion of magnetic field. The stripe periodicity L � 2 lm appears to
be much smaller than the free space wavelength in the hyperbolic
frequency range. Therefore, created self-assembled optical
medium appears to be a photonic hyper-crystal.

Polarization dependencies of ferrofluid transmission as a
function of magnetic field and nanoparticle concentration mea-
sured in a broad 0.5–16 lm wavelength range conclusively prove
Fig. 11. Polarization-dependent transmission spectra of 200 lm - thick ferrofluid
sample measured using FTIR spectrometer are consistent with hyperbolic character
of e tensor: (a) Two-dimensional representation of ferrofluid transmission (shown
via pixel brightness) measured using polarization-sensitive FTIR spectrometer as a
function of IR wavelength and polarization. (b) Transmission data as a function of
polarization angle for k = 8.89 lm and 4.48 lm exhibiting deviation from Malus
law, cos2/ (black line), which is typical for photonic hypercrystals [30].
hyperbolic crystal character of ferrofluid anisotropy in the long
wavelength IR range at large enough magnetic field. Fig. 11 shows
polarization-dependent transmission spectra of 200 lm thick
undiluted ferrofluid sample obtained using FTIR spectrometer.
These data are consistent with hyperbolic character of e tensor of
the ferrofluid in B = 1000 G. Ferrofluid transmission is large for
polarization direction perpendicular to magnetic field (perpendic-
ular to cobalt nanoparticle chains) suggesting dielectric character
of e in this direction. On the other hand, ferrofluid transmission
falls to near zero for polarization direction along the chains, sug-
gesting metallic character of e in this direction. However, these
measurements are affected by numerous ferrofluid absorption
lines.

Fabricated photonic hyper-crystals exhibit all the typical fea-
tures associated with the hyperbolic metamaterials. For example,
absorption spectra measured using FTIR spectrometer with and
without external magnetic field are consistent with the decrease
of the radiation lifetime of kerosene molecules in the hyperbolic
state [30]. Moreover, FTIR spectral measurements are broadly
accepted as a powerful ‘‘chemical fingerprinting” tool in chemical
and biosensing [40]. Therefore, broadly available magnetic field-
tunable photonic hyper-crystals operating in the IR range open
up new valuable opportunities in chemical analysis. Fig. 12 clearly
illustrates the photonic hyper-crystal potential in chemical and
biological sensing by detailed measurements of magnetic field
induced FTIR transmission of the ferrofluid. Fig. 12 shows FTIR
transmission measurements in the 2100–2500 cm�1 spectral range
of the kerosene-based ferrofluid in which 10% of toluene has been
added by volume with and without the external magnetic field. As
indicated by an arrow, self-assembly of the ferrofluid into a hyper-
bolic metamaterial leads to sharp modification of the ferrofluid
absorption spectrum in the range of characteristic toluene absorp-
tion lines. As demonstrated in [30], this magnetic field induced
effect may be attributed to field enhancement by cobalt nanopar-
ticle chains. We expect that further optimization of photonic
hyper-crystals geometry will lead to much stronger sensitivity of
their optical properties to chemical and biological inclusions,
indicating a very strong potential of photonic hyper-crystals in
biological and chemical sensing.
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Fig. 12. FTIR transmission spectra of kerosene, toluene, and the kerosene-based
ferrofluid with addition of 10% toluene measured with and without the external
magnetic field in the 2100–2500 cm�1 spectral range. As indicated by an arrow,
self-assembly of the ferrofluid into a hyperbolic metamaterial leads to sharp
modification of the ferrofluid absorption spectrum in the range of toluene
absorption lines.
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5. Conclusions

The diverse physical properties and applications of hyperbolic
metamaterials outlined above clearly demonstrate that this sub-
field of electromagnetic metamaterials already extended far
beyond its original goal to enable sub-diffraction super-
resolution imaging. While imaging applications progress at a very
high speed [41–43], hyperbolic metamaterials also demonstrate a
large number of novel phenomena resulting from the broadband
singular behavior of their density of photonic states, which
encompass enhanced quantum-electrodynamic effects, new
stealth technology, thermal hyperconductivity [44–46], high Tc
superconductivity [11,12], and very interesting gravitation theory
analogues [3,13–17]. Moreover, hyperbolic metamaterial behavior
appears to be compatible with photonic crystal effects, such as
deep sub-wavelength light localization and giant field enhance-
ment, resulting in a fascinating new class of artificial optical media
– the photonic hypercrystals. Unique spectral properties of pho-
tonic hypercrystals lead to extreme sensitivity of the material to
monolayer coatings of cobalt nanoparticles, which should find
numerous applications in biological and chemical sensing.
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